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Batch processes are often subjected to a number of sources of variability, which are
frequently overlooked due to operating policy implementation. In many pharmaceutical
and speciality chemical processes, which are predominantly batch in nature, a high
proportion of the operating procedure is implemented manually, which can lead to
significant variability. The effect of this variability is typically neglected at all stages in
process development and even when full-scale production begins. The result of any
variability can have a dramatic effect on some process stages (particularly sensitive ones
such as crystallization), and it is therefore important to understand how variability in
any of the operating variables affects the overall process. Ideally, one would like to
design processes that are less sensitive to variability and specify precisely the limits of
any allowable variability. A method for designing batch processes using ‘“‘operating en-
velopes”’that specify process operation in terms of a region within which the operating
variables should be maintained to guarantee feasible and profitable operation of the
process is presented. The problem is formulated as a multiscenario dynamic optimiza-
tion problem, and an efficient hierarchical solution procedure is presented. Finally, the

applicability of the procedure is demonstrated by using two example problems.

Introduction

The majority of work in process operations has focused on
methods that can determine the best operating policy and/or
control strategy for a process. When control aspects are not
taken into account, it is usually assumed (implicitly) that the
operating policies generated from these methods can be pre-
cisely implemented in the plant. When the process is de-
signed for controllability, too, various types of uncertainty and
disturbances are considered and can be accommodated with
the appropriate control configuration (Hansen et al., 1998).

These methods are suitable, and appear to work well, for
conventional processes (usually steady-state) where auto-
mated control is widely used. In the fine and speciality chem-
icals industry, however, processes are usually implemented in
multipurpose batch plants with little or no automated con-
trol. In these cases, because most of the operating policy is
implemented manually, it is neither possible to implement
the operating policy precisely as specified nor to account for
any disturbances. This leads to variability, which will more
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than likely have a negative effect on the performance of the
plant. In industry and academia alike, the effect of this vari-
ability is rarely considered.

In this article, we consider a method to account for the
inaccurate nature of operating policies that are implemented
in the batch chemicals industry. The approach is to deter-
mine a range of operating policies (the union of which is called
the operating envelope) during the design stage over which the
plant performance can be guaranteed to meet certain targets.
We restrict ourselves to a simple (hyperrectangular) form of
operating envelope that corresponds to maintaining control
variables within ranges that are determined in the design op-
timization. This can be thought of as a single, ideal operating
policy with an allowable tolerance for imperfect control or
implementation.

It is important that this envelope concept be applicable to
multistep processes. It may then be possible to derive multi-
ple decoupled envelopes that ensure that the overall process
meets the performance requirements as long as the con-
stituent steps are operated within their envelopes. This would
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Figure 1. Operational envelopes for two coupled stages.

introduce a form of “robustness” into the process operation,
since adaptation of downstream operating policies will no
longer be required to account for deviations in upstream op-
eration.

It is interesting to note that there is, in fact, a coupling
between the dimensions of the different envelopes that is ef-
fected by the intensive and extensive properties of the mate-
rials that link adjacent stages. Trade-offs also exist between
the relative dimensions of the individual envelopes for each
stage and between the sizes of the envelopes of different
stages. This is illustrated in Figure 1, where two possible
combinations of operational envelopes are shown for a two-
stage process. In the first case (upper two envelopes), stage 1
is operated using a small envelope so that stage 2 can be
operated loosely; in the second case, a more balanced operat-
ing policy is adopted. Hence some specifications of desirable
envelope properties should be made to resolve these poten-
tial ambiguities.

Using a hyperrectangular form, the envelope concept bears
some resemblance to that of operational flexibility indices as
first introduced by Swaney and Grossmann (1985). They de-
veloped a procedure to design continuous processes that are
better able to cope with uncertain demands (such as market
conditions, conditions of feed streams, and desired through-
put). Based on the given lower and upper bounds on the un-
certain parameters, the procedure maximizes the ability of
the process to operate within the uncertain parameter space
by selecting the most appropriate design with an operating
policy that can adapt to the prevailing conditions (the actual
values of the uncertain parameters at a particular time). The
problem is solved by considering a nominal set of the uncer-
tain parameters and defining a family of hyperrectangles cen-
tered on this point that have the same aspect ratio as the
boundary of the uncertain parameter space. The largest of
these hyperrectangles that can be enclosed by the feasible
region of the process defines the flexibility index. A flexibility
index of 1 corresponds to the largest hyperrectangular coin-
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ciding with the boundary of the uncertain parameter space.
Assuming certain convexity conditions, and because the hy-
perrectangle has a fixed aspect ratio and center, each vertex
can be examined in turn to find the vertices that limit the size
of the hyperrectangle. A similar hyperrectangular representa-
tion has been used by Saraiva and Stephanopoulos (1998) to
describe different operating regions extracted from historical
data.

Much of the work in the area of operational flexibility is
based on the approach of Swaney and Grossmann. Gross-
mann and Floudas (1987) proposed an alternative solution
procedure based on an active-set strategy. Ostrovsky et al.
(1994) presented several algorithms to solve the problem in-
cluding an approach that approximates the flexibility index
by formulating two simpler problems that give upper and
lower bounds. Dimitriadis and Pistikopoulos (1995) extended
the concept to cover the case of dynamic systems. They used
an active-set strategy and orthogonal collocation on finite el-
ements to discretize time in order to generate a mixed-
integer nonlinear programming formulation. Their procedure
automatically determines the dynamic profiles of the uncer-
tain parameters and associated control actions that limit plant
flexibility.

A different approach was used by Bahri et al. (1997), who
applied a two-level optimization procedure to determine the
feasible region with respect to the uncertain parameters. An
outer problem optimizes performance at the nominal point,
subject to constraints at a number of critical parameter sce-
narios. The inner problem generates additional critical pa-
rameter sets that maximize the constraint violation for a given
design. The solution procedure terminates when the inner
problem can no longer produce any constraint violation.

More recently, Bernardo and Saraiva (1998) considered
both operational and stochastic flexibility (e.g., Pistikopoulos
and Mazzuchi, 1990) simultaneously using a sampling-based
optimization procedure. By treating operating variables as
random distributions (whose characteristics are degrees of
freedom), an operating envelope can be generated to account
for the uncertainty in other parameters. The procedure mini-
mizes an expected cost function, which consists of terms for
equipment costs, operating costs (f(u)) and control costs
[f(w,, 0] as well as a Taguchi quality loss term. The algo-
rithm comprises a stochastic simulation at the inner level, to
generate function evaluations and gradients, and an outer-
level NLP optimization to obtain the operating and design
parameters.

Of the preceding techniques, those of Swaney and Gross-
mann and Bernardo and Saraiva are most closely related to
this work. The approach used by Bernardo and Saraiva is
particularly interesting, because it simultaneously accounts for
both imperfect control and imperfect knowledge of the pro-
cess. The solution approach has the advantage that large
numbers of uncertain parameters and controls can be han-
dled relatively easily with little effect on the computational
costs; two disadvantages are that computational costs for
small problems would be higher than in other approaches,
and that the sensitivities may not be as reliable as in solution
procedures that use analytical gradients. The use of control
and quality costs in the objective function makes this ap-
proach somewhat difficult to apply to fine chemical pro-
cesses. This is because most of the products in the fine chem-
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icals and pharmaceuticals industries must satisfy hard quality
requirements; failure to do so results in an unsalable prod-
uct, so associating a cost with quality loss is both difficult and
inappropriate. Also, the reliance on manual control in these
industries means that there is no real relationship between
control performance and cost.

The flexibility-index problem of Swaney and Grossmann
aims to find the largest hyperrectangle that can be encom-
passed entirely by the feasible region. Although their prob-
lem definition is different from ours (considering uncertain
demands on the process and finding operating policies that
can adapt to them), the concept of determining the largest
hyperrectangle is identical. However, to simplify the problem
and to remove degenerate solutions, they restrict the hyper-
rectangle by centering it on a nominal point and fixing its
aspect ratio based on some lower and upper bounds on the
uncertain parameters. This removes the possibility of explor-
ing the trade-offs between various levels of control of the
individual operating variables; an aspect of the problem that
is of particular interest. Furthermore, the solution of the
problem depends on the nominal point and the lower and
upper bounds of the uncertain-parameter space; in some
cases, the nominal point could lie on the boundary of the
feasible region, and the resulting flexibility index would be
inaccurately determined to be zero. From this, we conclude
that a different solution approach will be necessary to solve
the problems that we pose.

The remainder of the article is structured as follows. In the
next two sections, the problem formulation and solution pro-
cedure, respectively, are described. In the subsequent sec-
tion, two example problems are presented: the first is a sim-
ple problem to illustrate some of the features of the ap-
proach, and the second example is a more representative
problem to demonstrate the applicability of the approach to
large-scale problems. In the final section, we discuss some of
the key observations and conclusions of this work.

Mathematical Formulation

The formulation is based on a typical optimal control and
design formulation, as illustrated below:

ma,qu)[if(T), x(7), y(7), u(r), v, 7]

5

subject to
Jo[£(0), x(0), y(0), u(0), »] =0,

h(x,x,y,u, v,1)=0 Ve (0,7],

g(x,x,y,u,v,t)<0 Vte[0,7]. (M1)

In the preceding model (M1), x are differential state vari-
ables, x their derivatives with respect to time, y are algebraic
state variables, u are time-varying controls, » are time-in-
variant optimization parameters (that may represent both de-
sign decision variables and time-invariant control variables), 7
is the processing time, and ¢ time. The constraints J, repre-
sent the initial conditions of the system, whereas k and g
are, respectively, general equality and inequality constraints.
The latter may be active throughout the time horizon (path
constraints) or at any particular point in time (point con-
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straints). The majority of the equality constraints are due to
the model equations; a small number will be used for various
product and process specifications. The inequality constraints
typically represent constraints on safety, operational limita-
tions, product specifications, and so on.

The solution of the preceding problem results in unique
profiles and values for u and », respectively, that maximize
the objective function, ®. However, since it will not be possi-
ble to control some of the u# and w» variables perfectly
throughout the operation of the process, or from batch to
batch, our approach is to find the largest region in which the
process can be operated such that a certain level of perform-
ance can be guaranteed (i.e., ® is always above a certain
value). If this region in the u and » variables is denoted by
E (the operational envelope), then the formulation can be
written as follows:

max f(E)
subject to
Jo[£(0), x(0), y(0), u(0), »]=0
Yu,v,7€ E, t€[0,7],

Yu, v, 7€ E,
h(x,x,y,u,v,t)=0

g(xX,x,y,u, v,1)<0 Yu,v,r€E, t€[0,7],

®[x(7), x(7), y(7), u(r), v, 7] = O*

Yu,v,7€E; (M2)
where ®* is a specified lower bound.

In order to solve this problem, it is necessary to specify a
geometric form for the envelope. Before doing this, it is more
convenient to partition the optimization parameters into those
that cannot be controlled adequately and those that can. The
former will be denoted by the vector & and will be called
“bounded” variables (i.e., we wish to have some operational
bounds for flexibility in these), the latter will be denoted by
the vector a and will be called “nonbounded” variables (i.e.,
point values for these will suffice). To make the formulation
less cumbersome, the a and b variables will represent both
time-invariant optimization parameters and time-dependent
controls (it makes little difference since » is just a special
case of u). The envelope, E, will therefore be a region only
in the space of the b variables.

A simple hyperrectangular form for the envelope is chosen
for a variety of reasons. From a numerical point of view, this
form of envelope means that the solution of the preceding
model will be relatively easy. From a physical perspective, it
makes sense to specify the envelope in terms of allowable
ranges of the bounded parameters; anything more complex
would be difficult to implement in practice and would re-
quire unusually complicated operating policies. A significant
benefit of selecting a hyperrectangular form is that it decou-
ples the control objectives, so that each parameter can be
individually maintained within its bounds without knowing
precisely what the values of the other parameters are. As a
consequence, for multistage processes, each stage can be op-
erated without any information about how previous stages
were operated (except that they were operated within their
envelopes); no adaptation of the operating policy (or, rather,
envelope) will be required.
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The envelope is now represented by the region E = {b|p™"
< b <b™}, where b™" and b™* are vectors of the lower
and upper limits of the ranges of the “bounded” parameters.
The function f(E) can then be written as a function of these

lower and upper bounds. A suitable function may be:

Ny
f(E)= _=1_[1b,-‘“"”‘—bz-mi“, €]

where N, is the number of bounded variables [ = dim(b)].
However, this function is highly nonconvex and could easily

be substituted with a linear one. Defining Ab; as Ab; 4 b
— b™", the objective function (Eq. 1) can be replaced by

Noo Ab,— AbpMin

1
()= ¥

7_, 2
N, /= AbP™ — Abp )

where Ab™" and Ab™* are lower and upper bounds on the
sizes of the ranges. The function therefore takes the form of
a scaled perimeter. Lower bounds on the sizes of the ranges
are required because, in practice, there will be a limit to how
tightly an operating variable can be controllable. Upper
bounds are applied to prevent the solution containing unreal-
istically large ranges. If there is a level of control (that is, the
width of the range) that is trivial to maintain, this is set as the
upper bound on a range so that any remaining flexibility in
the process can be used to widen the range of a different
parameter.

The preceding objective function therefore lies in the range
[0,1], with O representing the smallest possible envelope (that
is, Ab;=Ab™" Vi) and 1 representing the largest (Ab;, =
AbM™™* V). The overall formulation is shown in the model
below (M3).

1 Y Ab,— Apri
f=a X

max T —
N, /= Abm — Apmin

a bmin ybma\x
subject to

Jo[£(0), x(0), y(0). a(0), B(0)]=0  Vbe[pm", pm],

h(%,x,y,a,b,t)=0  Vbe[b™", b™], +€(0,7],
TED,
g(%,x,y,a,b,t)<0  Vbe[b™ pm=]  te(0,7],
TED,

®[x(7), x(7), y(7), a[7], b(7),7] = ®*

Vbe[b™, p™*], rEb,

Ab = p™> — p™in,

Ab™ < Ab < Ab™, (M3)

Note that 7 may be a member of the envelope variables, b;
that is, we may be interested in finding lower and upper
bounds on the processing time (such as how important it may
be to quench a reaction at a precise time).
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Figure 2. Example of a control variable that is held ap-
proximately constant if the bounds are also
constant and Ab; is small.

Treatment of time-varying bounded variables

In the derivation of the preceding model, no restriction was
placed on the type of variable that can be “bounded.” How-
ever, although both time-invariant parameters and controls
can be “bounded” variables, the formulation is not well suited
to controls. With a tightly bounded control variable (that is, if
it has a small Ab,), the variable may be so tightly constrained
that it is essentially constant over time (see Figure 2). A more
desirable approach is to allow the bounds also to vary with
time, as shown in Figure 3. This can be represented mathe-
matically as

Ab=b""(t)— b™"(1), 3)
where Ab is bounded as before and is constant over time.

Clearly, to allow Ab to vary with time would result in bet-
ter envelopes, but this level of complexity would probably not

l

small Ab

t
Figure 3. Example of a control variable bounded by ap-
propriate time-varying bounds.
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be adapted for use in pharmaceutical processes. For this rea-
son, the examples considered here will only use static en-
velopes. However, the formulation can easily be extended to
cover transient envelopes (the Ab variables would simply
change from time-invariant parameters to controls).

This formulation essentially allows the operating envelope
to be specified in terms of values or profiles (one of 5™ and
b™*), for the operating variables, and associated tolerances
(Ab).

Solution Procedure

In this section, we will use the following terminology:

Scenario. Any realization of the b variables (for a given
a).

Vertex Scenario. Any scenario at a vertex of the envelope
(that is, consisting of any combination of b™* and b/™").

Interior Scenario. Any scenario within the envelope other
than at a vertex (that is, at least one b; is not at its bound);

Critical Scenario. Any scenario (usually a vertex) that is
on the border of the feasible region, and hence a scenario
that limits the flexibility of the system. Critical scenarios are
determined by searching for points in the envelope that are
outside the feasible region.

The formation presented in the previous section involves
constraints that must be satisfied throughout the region (a
hyperrectangle) enclosed by the bounded variables. A typical
approach to solving such problems is to apply a two-level it-
erative procedure. At one level, one needs to consider only
the vertices of the hyperrectangle plus any interior scenarios
(initially none are included) in a multiscenario optimization
problem (later we will show that only a very small number of
vertices needs to be considered explicitly). In the second level,
a single-scenario optimization problem is solved to determine
an additional interior scenario by determining the point within
the hyperrectangle with the highest constraint violation. The
procedure converges when no more scenarios with constraint
violation can be found at the second level.

The preceding procedure can be simplified to a single mul-
tivertex optimization problem if the feasible region can be
shown (or is assumed to be) convex. In the case of the flexi-
bility-index problem, Swaney and Grossmann (1985) showed
that, under certain conditions, the points that limit flexibility
always lie at the vertices. The multivertex optimization may
also be simplified: since their hyperrectangle is always scaled
about a nominal point, the multivertex optimization problem
can be reduced to solving all of the vertices individually (max-
imizing the distance from the nominal point while remaining
feasible) and finding the one that is closest to the nominal
point. Finally, by employing a heuristic search strategy, only a
small fraction of the total number of vertices needs to be
examined.

In our case, however, it is vital that the hyperrectangle is
neither centered about a nominal point nor restricted to a
constant aspect ratio. Since these are the properties that al-
low the previous simplifications to be made, we must solve
both levels of the procedure without being able to simplify
the multivertex optimization (or multiscenario, if interior sce-
narios are considered) as just described.
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Since the overall procedure of iterating between solving a
multiscenario problem and finding additional interior scenar-
ios has been described in a number of earlier publications
(Mohideen et al., 1996; Bahri et al., 1997), we shall not dis-
cuss it further here. One point worth noting, however, is that
the interior scenarios must be specified relative to the ver-
tices of the hyperrectangle, rather than as absolute points in
the bounded-variable space (as is usually the case, as in, for
example, robust optimization procedures). This is because
specifying an interior scenario, which by definition is outside
the feasible region, in absolute terms will force the optimiza-
tion to move the feasible region (through selection of the de-
sign and operating parameters) until the interior scenario is
also feasible. Assuming this is possible (if not, the optimiza-
tion will be infeasible and the overall solution procedure will
fail), it will result in a smaller envelope (because the system is
now more tightly constrained) and in no way addresses the
original problem of a nonconvex feasible region. This is illus-
trated in Figure 4 where (a), (b) and (c) represent the first
three iterations of a solution procedure using relative scenar-
ios, and (a) and (d) represent the first two iterations of the
same problem solved using absolute scenarios.

It is more important to discuss the means for solving the
multivertex optimization problem, since this will have the
greatest computational impact on the overall procedure.
Clearly, since there will be 2 vertices in the optimization
problem (where N, is the number of bounded variables), most
problems of industrial significance will become prohibitively
expensive to solve, if they are at all tractable. Naturally, some
form of decomposition will be needed in these cases.

The decomposition method applied here is based on the
observation that very few of the 2™ vertices will be critical
scenarios. The basis of the decomposition is to find these
critical vertex scenarios so that only the minimum number of
vertices need to be considered in the optimization. The prob-
lem is solved using an iterative procedure involving a re-
duced-vertex optimization and a full-vertex simulation (that
is, each vertex is simulated) to identify the critical vertices.

The procedure begins by solving an optimization problem
consisting of any pair of opposite vertices. This is the mini-
mum number of vertices that can be included in the opti-
mization. Since there are only two vertices, they must also be
opposite vertices of the envelope. This is because each of the
lower and upper bounds (which are degrees of freedom and
of which the objective function is composed) of the bounded
variables must be represented in at least one vertex; if not,
any unrepresented bounds would have no influence on the
constraints in the system (that is, that each vertex should lie
within the feasible region) and would therefore result in an
overestimation of the envelope size. Then a full-vertex simu-
lation is performed to identify a second pair of vertices to
replace the first. At this stage, the aim is to identify the pair
of vertices that leads to the smallest envelope (that is, the
best upper bound on the envelope size). The process is then
repeated with each simulation identifying additional vertices
to be included in the optimizations. When no further vertices
can be identified in the simulation step (that is, none of the
vertices are violated), the procedure is terminated and the
solution is found. The overall procedure is described in more
detail below and illustrated in Figure 5.
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Figure 4. Importance of adding internal scenarios rela-
tive to vertices of the envelope.

(a) First iteration: solve only for vertices; (b) second itera-
tion: add first critical scenario as relative points in b space;
(c) second iteration: add first critical scenario as absolute
point in b space; (d) third iteration: add second critical sce-
nario relative to vertices.

1. Select an initial pair of opposite vertices.

2. Solve a reduced-vertex optimization to obtain an esti-
mate of the envelope.

3. Simulate each vertex of the envelope just generated, se-
quentially or in parallel, to identify all vertices with violation.
Stop or go to level 2 if there are no vertices with violation;
otherwise, go to step 5 if there are currently more than two
scenarios in the reduced-optimization problem.

4. Identify a pair of vertices to be used within the model,
with a view to replacing the current pair. This is either the
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Figure 5. Solution procedure level 1.

pair consisting of the vertex with the worst violation and its
opposite or the pair of opposite vertices with the worst com-
bined (summed) violation. If the selected pair has already
been used in a previous iteration, then go to step 5; other-
wise, replace the current pair with the selected pair and go to
step 2.

5. Select the vertex with the highest violation and add it as
an additional vertex to the current optimization model. Go to
step 2.

Various criteria may be used to select vertices for inclusion
in the reduced-vertex optimization. In the example problems
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presented later, we selected the initial pair corresponding to
one vertex with all upper bounds and its opposite vertex (all
lower bounds). After the first simulation, the next pair was
selected by taking the vertex with the worst violation along
with its opposite vertex. An alternative criterion would have
been to select the pair with the worst combined violation.
After the second iteration, individual vertices were added
based on those with the worst violation. A final note is that
once there are more than two vertices in the optimization
model, it may no longer be necessary to include a pair of
opposite vertices. However, for convenience, we chose to re-
tain at least one pair of opposite vertices even if one of them
was not critical.

The procedure just described essentially represents the first
multivertex optimization. When this has been solved, the next
step is to identify interior scenarios (relative to the vertices)
to add to the multivertex optimization. Because all of the
critical vertices will have been identified in the first iteration,
subsequent iterations (that also include interior scenarios) will
not require the full-scenario simulation step. If any new criti-
cal vertices arise due to the inclusion of the interior scenar-
ios, then they should be identified in the single-scenario opti-
mization that is used to identify the interior scenarios. This is
illustrated in Figure 6.

An alternative solution procedure

The solution procedure described earlier relies on a series
of large-scale simulation problems in combination with
smaller optimization problems to solve the first multivertex
optimization problem. For problems with a large number of
bounded variables, the simulation step can take longer than
the reduced-vertex optimizations. A quicker approach may
be to identify the critical vertices using the same optimization
problem that identifies interior critical scenarios.

The procedure would start with a two-vertex optimization
and then use optimization to determine the point within the
envelope with the greatest violation. This is likely to be at a
vertex, and so would be used to replace the previous pair (as
was described earlier); if not, the interior scenario would sim-
ply be added to the original two vertex scenarios. In subse-
quent iterations, critical scenarios (vertex or interior) would
be identified and added to the reduced-scenario optimiza-
tion. The procedure would terminate when no violation can
be found within the envelope. This algorithm would be very
similar to the second step in the previous approach (Figure
6).

The advantage of this approach is that the overall proce-
dure may be quicker than the procedure described before.
This depends on how quickly the single-scenario optimization
can be solved in comparison with the full-scenario simula-
tion. One possible disadvantage is the reliance on global op-
timality in identifying critical scenarios. For this reason, we
chose not to compare this approach with the one described
earlier.

Computational Results

The process modeling tool gPROMS (Process Systems En-
terprise Ltd., 1997) was used to implement the envelope pro-
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Figure 6. Solution procedure level 2.

cedure described previously. The gPROMS modeling lan-
guage allows existing models of processes to be converted to
the envelope form quickly and easily. The optimizations were
performed using the gOPT dynamic optimizer within
gPROMS.

The problems were run on a variety of Sun workstations.
Ultra-1 workstations (with a 143-MHz UltraSPARC proces-
sor and 96 MB or 256 MB RAM) were primarily used for
smaller problems, whereas Ultra-60 workstations (2 X 360-
MHz UltraSPARC-II CPU, 512 MB RAM) were used for the
more computationally intensive problem.

Two examples are presented here: the first is a reactor
model that is simple enough to illustrate the key features of
the approach; the second is a more realistic case (involving
three processing steps) to demonstrate the reduced-scenario
solution procedure. The details of the two example problems
are described in the following two subsections.
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Example problem 1

This first example problem is a very simple, hypothetical
batch region process and is used purely for illustrative pur-
poses. In the next subsection, we consider a more realistic
example and apply the reduced-scenario approach to solve
the problem.

The following reactions are to take place in a reactor of
fixed volume with a given initial charge of a solution of A:

2A ->B—-C.

The temperature (T') and processing time (7) can be ad-
justed to maximize the production rate of B, the desired
product, subject to a lower-bound constraint on the purity of
B. In a traditional optimal control problem (as in model M1),
the optimization parameters might be temperature and pro-
cessing time, for which point values (or a profile for 7) will
be determined. In our case, we are interested in ranges of
these quantities. More specifically, we want to find the largest
envelope in T and 7 such that the production rate is guaran-
teed to meet a minimum specification and that the purity is
guaranteed to meet the lower-bound constraint.

To make the visualization of the results simple, we use the
average temperature as a bounded variable, relating it to the
control variable 7. This is, of course, not particularly realistic
or useful in practice, but it reduces the envelope to a static
2-dimensional (2-D) rectangle (rather than a dynamic 2-D en-
velope that would result if the time-varying 7 was a bounded
variable). The feasible region may also be plotted in the 2-di-
mensional space of the average temperature and the process-
ing time.

The solution procedure is as follows. The first optimization
problem consists of the two vertices corresponding to 7" and 7
at their lower bounds (“LL”) and both at their upper bounds
(“UU". Once this has been solved, all four vertices are
checked using simulation. This shows that both other vertices
(LU and UL) fail to meet one or more constraints. The next
iteration is to solve a new optimization problem with the two
vertices LU and UL. Finally, the new envelope is tested using
simulation, which in this case shows that all four vertices are
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Figure 7. Results of envelope and standard optimiza-
tions, compared with feasible region.
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now within the feasible region. The final stage is to check for
interior critical vertices, but since a plot of the feasible region
is available for this case, it can be shown graphically that there
will be no interior critical scenarios. For larger problems, it
will not be possible to obtain a plot of the feasible region, so
the second step of the algorithm will need to be performed.
This was done in this example and, as would be expected, no
constraint violation could be found within the envelope.

The results of two optimization problems are shown in Fig-
ure 7 along with the feasible region for this problem. The
graph shows the result of a standard optimization problem
(indicated by the cross on the graph), with the objective of
maximizing the production rate, in comparison with the enve-
lope generated using the formulation presented earlier. The
envelope and standard optimization were solved in 21.4 s and
4.0 s, respectively, on an Ultra-1 workstation.

As can be seen, the envelope expands to fill as much of the
feasible region as possible without the need of a nominal
point. Since the feasible region is very nearly convex, there
would be no need for a further optimization to determine
any critical points within the envelope that result in con-
straint violations. However, because the average temperature
is used as a bounded variable, rather than the temperature
profile, it is possible to violate constraints even if the average
temperature is within the envelope. This shows that controls
would need to be treated more carefully in a real case.

One final point to note about the results of this example is
that the optimal operating point lies on the border of the
feasible region. If this point were used as a nominal point
about which to expand our envelope, then by using the flexi-
bility-index analysis, the result would be an envelope of zero
size (that is, a point operating policy), when clearly there is a
great deal of flexibility in this system.

It is also possible to perform a series of envelope optimiza-
tions in order to generate a trade-off curve comparing enve-
lope size with guaranteed process performance (®*). The
graph in Figure 8 shows such a curve, produced by using the
same process as used earlier, but now with four bounded
variables: T and 7 as before, plus the initial charge and con-
centration of the solution of A. Now, the temperature is
treated as a time-varying bounded variable with constant
bounds. It has been verified, with these results, that no oper-
ating policy exists within the envelope that violates any con-
straints. A profit-rate function, instead of the production rate,
is used as the measure of process performance, and the con-
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Figure 8. Result of a parametric optimization to deter-
mine the trade-off between envelope size and
guaranteed performance.
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Figure 9. Process of Example 2.

straints on this are expressed as a fraction of the maximum
profit rate attained from a point operating policy (d™*).

The results are quite interesting and show that with quite a
loose envelope the process can be “guaranteed” to generate a
profit rate of up to 80% of the maximum possible profit.
Achieving anything more than this requires far tighter en-
velopes, and the maximum guaranteed profit rate would seem
to be slightly less than 90%. This is to be expected because,
as defined here, an envelope size of zero relates to the small-
est envelope achievable (that is, the lower bounds on the
ranges of the bounded variables are all active, and these are
usually nonzero), not an operating point.

Example problem 2

The second example problem, taken from Sharif (1999),
consists of two batch reaction tasks and a batch distillation
task. The process is shown in Figure 9. The first reactor (R1)
which is fitted with a cooling jacket, receives initial charges of
reactants A and B and, potentially, an additional flow of B

during the reaction. At the end of the first task, the contents
are transferred to the second (adiabatic) reactor (R2) along
with an initial charge of reactant E. Finally, the mixture re-
sulting from the second reactor is separated in the batch dis-
tillation unit (D1) to produce the desired product F at a pu-
rity of no less than 96% and a waste state W. The reaction
scheme is shown below.

A+B-2C
C-D
C+E—-F.

The degrees of freedom and constraints on the process are
summarized in Table 1.

The objective of the problem is to ensure that the process
can achieve a profit rate (which comprises terms for the
product value, raw material and utility consumption, and

Table 1. Summary of Degrees of Freedom and Constraints for Example 2

Degrees of Freedom

Unit Bounded Nonbounded Constraints

R1 Initial charge of A Volume Lower and upper bound path constraints:
Initial charge of B Idle time ® on liquid volume
Feed profile of B ® on temperature
Cooling-water flow rate
Processing time

R2 Initial charge of E Volume As R1
Processing time Idle time

D1 Reflux ratio profile
Reboiler heat-load profile
Processing time

Reboiler volume
Idle time

Final mole fraction of F > 0.96

Overall

Production rate between 5 and 8 kmol/h
Profit rate > 60% of max. profit rate
obtained using a point operating policy
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Table 2. Statistics for the Second Example Problem (all on
an Ultra-60)

Optimi.

Iter. time
1 78,020 (21.6 h) 2
2 44,470s(12.4h) 2
3 53220s(14.8h) 3

Simul. Envelope
Scenario time Size

50,940 s (14.2h) 0.860752 719

51,250 s (14.2 h) 0.678705 3
54,190 s (15.1 h) 0.712289 2

Violation

equipment capital cost) of at least 60% of the maximum at-
tainable profit through perfect operation of the process (a
constraint of the form ® > ®*).

Since there are ten bounded variables, the resulting formu-
lation will consist of 2! =1024 scenarios. Furthermore, be-
cause the single-scenario simulation consists of 598 variables
(both algebraic and differential), an optimization containing
all 1024 scenarios would consist of more than 600,000 vari-
ables. A problem of this size is, at best, very difficult to solve.
Using the solution procedure outlined previously, it is possi-
ble to solve this problem with a much smaller number of sce-
narios.

The overall problem took three major iterations to con-
verge. The pair of vertices for the first iteration was selected
arbitrarily (the vertex with all bounded variables at their lower
bounds, along with its opposite vertex). As is summarized in
Table 2, the optimization problem took nearly 22 h to solve
on a Sun Ultra-60 workstation and results in a solution that
has 719 violated scenarios. Here, we only consider the main
constraints of profit rate, production rate, and purity; there
were many violations in the temperature and volume con-
straints, but their magnitudes were not significant at this
stage. The number of violated vertices was determined
through the simulation step.

The pair of vertices for the second iteration was selected
simply by considering the vertex with the worst profit rate
along with its opposite vertex; the violations in the profit rate
were proportionately greater than any other. After the sec-
ond iteration, it can be seen that the number of violated ver-
tices has been reduced dramatically (see Table 2). In fact, the
remaining violations are within the accuracy of the optimiza-
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Figure 10. Optimal lower and upper bounds (b/™" and
b[™2X) for the cooling-water flow rate in reac-
tor 1 (solid lines [tonnes/h]) and the feed
flow rate of B to reactor 1 (dashed lines
[kmol/h]).
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Figure 11. Optimal lower and upper bounds (b/™" and
b2*) for the heat-load profile in the reboiler
(solid lines [MJ /h]) and reflux ratio (dashed
lines).

tion. For good measure, it was decided that one extra vertex
should be added to account for violations in the other con-
straints.

After the final iteration, none of the vertices is violated
beyond the tolerance of the optimization. The two remaining
violations shown in Table 2 involve the purity constraint. Since
the purity is no lower than 95.97% (see Figure 13), it is con-
sidered that the problem has converged satisfactorily.

A number of single-level optimizations were performed to
check for any violation of the constraint within the envelope
(as depicted in Figure 6). Since none of these optimizations
were able to locate a critical scenario (point within the enve-
lope with constraint violation), no further iterations were re-
quired. It is again worth noting that, since only a local-opti-
mization algorithm was used, there is no guarantee that the
process is entirely feasible within the envelope. Another con-
sequence of the use of a local-optimization algorithm is that,
in this example, the envelope size did not decrease monoton-
ically with each iteration, as would be expected.

In total, the problem took about 92 h to solve (this com-
pares with 1.3 for the single-scenario optimization). Each
simulation stage took around 14 h to solve, and the optimiza-
tions took between roughly 12 and 22 h. Although the first
and second optimizations were the same size, the second re-
quired nearly half the time to solve. This is probably due to
better starting points being used in the second iteration. Sim-
ilarly, the third optimization problem took considerably less
time than the first despite being larger (three scenarios rather
than two).

It might be expected that as the number of bounded vari-
ables increases, the simulation stages would represent the
greatest computational burden. For very large numbers of
bounded variables, it may then be worth considering the al-
ternative solution procedure described previously. However,
this of course relies on the ability of the optimization algo-
rithm to obtain the global optimum. For this example, the
optimization software used was not suitable for the alterna-
tive solution procedure.

The solution to the problem is shown in Tables 3 and 4,
and Figures 10 to 12. Table 3 shows the optimal values of all
of the time-invariant parameters, including both a and p™"

AIChE Journal
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Figure 12. Contributions of the individual ranges to the
objective function [(Ab;,—Ab™")/(AbM2*-
AbMin)].
The variables shown are, from left to right: for reaction 1:
cooling-water flow rate, flow rate of B, processing time,
initial charge of A, initial charge of B; for reaction 2: pro-

cessing time, initial charge of E; for the distillation: reflux
ratio, reboiler heat duty, processing time.

Table 3. Optimal Values and Ranges for the Time-Invariant
Optimization Parameters for Example 2

Unit Deg. of Freedom Optimal Value/Range

R1 Initial charge of A 14.5-14.6 kmol
Initial charge of B 9.31-9.41 kmol
Processing time 2.93-3.03 h
Volume 2.26 m®
Idle time 0.496 h

R2 Initial charge of E 13.2-13.3 kmol
Processing time 3.07-3.17h
Volume 3.34m?
Idle time 0

D1 Processing time 0.778-0.785 h
Reboiler volume 1.31 m?
Idle time 0.0532h

variables. Table 4 and Figure 12 show the optimal values of
the Ab variables, along with their lower and upper bounds.
Figures 10 and 11 show the control profiles (b™" and ™).

Table 4. Optimal Values of the Ab; Variables, with Their
Lower and Upper Bounds

Deg. of Freedom Abmin Ap; Apmax
Reactor 1
Cooling-water flow rate (tonnes/h) 0.01 0.08 0.1
Flow rate of B (kmol/h) 0.08 0.08 0.8
Processing time (h) 0.02 0.1 0.1
Initial charge of A (kmol) 0.02 0.1 0.1
Initial charge of B (kmol) 0.02 0.1 0.1
Reactor 2
Processing time (h) 0.02 0.1 0.1
Initial charge of E (kmol) 0.02 0.1 0.1
Distillation
Reflux ratio 0.05 0.05 0.1
Reboiler heat duty (MJ/h) 0.1 0.119 0.2
Processing time (min) 0.18 1.02 1.02
AIChE Journal October 2001
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Figure 13. Product purity for all vertices.

Figure 10 shows the flow rates of cooling water in the jacket
of reactor 1 and B fed to reactor 1. Figure 11 shows the re-
flux ratio profile and the heat-load profile for the column
reboiler.

Table 4 and Figure 12 are particularly interesting because
they show that a number of Ab variables are on their bounds.
This does not indicate that the problem is too tightly bounded,
and that the bounds should be relaxed. As was discussed ear-
lier, the lower bounds represent the best level of control that
can be achieved, and therefore relaxing them would be unre-
alistic; whereas, the upper bounds represent a level of con-
trol that can be achieved with little effort, and there would
be no point in relaxing them. What these figures show is that,
because many variables are on their upper bounds, the de-
sired level of performance can be guarateed with a relatively
large envelope. This can also be seen by examining the con-
straints for each scenario (not shown). Rather than relaxing
any of the bounds, it would be more useful to solve the prob-
lem with a higher performance requirement. If this were done
a number of times, then a graph similar to Figure 8 could be
generated and the trade-off between guaranteed perform-
ance and control effort could be evaluated.

Finally, Figure 13 shows a typical result of a full-vertex
simulation. In this case, the product purity is shown for each
vertex (represented by a dot in the diagram), and it can be
seen that the constraint on purity is satisfied (to within the
accuracy of the model and the tolerance of the optimization)
for all vertices. Similar graphs were obtained for the other
constraints, which were satisfied relatively easily.

Concluding Remarks

In this article, we have outlined an approach to process
design where the operational aspects are treated in terms of
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ranges rather than points. Recognizing that it is not possible
to operate batch chemical plants at a precise point, we aim to
find the range of operating parameters within which the pro-
cess can be operated successfully (that is, feasibly and prof-
itably). This facilitates the design of processes that are less
sensitive to control variability; a property that is particularly
suitable for pharmaceutical and speciality chemical pro-
cesses, which are normally operated manually.

The overall problem has been formulated as a multistage
dynamic optimization problem. A novel solution procedure
has been presented that efficiently solves the problem by iter-
ating between a reduced-vertex optimization and a full-vertex
simulation. Nonconvexities in the feasible region can be ac-
counted for by using a single-scenario optimization to iden-
tify critical interior scenarios. The efficiency of the approach
has been demonstrated successfully by using two examples.
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